Note on the hth power means of distinct prime divisors of composite positive integers  by Dai, Li-Xia & Pan, Hao
Applied Mathematics Letters 24 (2011) 1486–1490
Contents lists available at ScienceDirect
Applied Mathematics Letters
journal homepage: www.elsevier.com/locate/aml
Note on the hth power means of distinct prime divisors of composite
positive integers
Li-Xia Dai a, Hao Pan b,∗
a School of Mathematical Sciences, Nanjing Normal University, Nanjing 210046, People’s Republic of China
b Department of Mathematics, Nanjing University, Nanjing 210093, People’s Republic of China
a r t i c l e i n f o
Article history:
Received 10 January 2010
Received in revised form 7 March 2011
Accepted 10 March 2011
Keywords:
Prime divisor
Power mean
a b s t r a c t
Suppose that h is a positive integer. For an integer n ≥ 2, define
Ph(n) =

1
ω(n)
−
p|n
p prime
ph
1/h
,
where ω(n) denotes the number of distinct prime divisors of n. Let Ah(x) be the set of all
positive integers n ≤ x with ω(n) > 1 such thatPh(n) is prime andPh(n) | n. In this
paper, we prove that
x
exp(2
√
h
√
log x log log x)
≤ |Ah(x)| ≤ x
exp((1/
√
2)
√
log x log log x)
,
which generalizes a result of Luca and Pappalardi for h = 1.
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Let h be a positive integer. For an integer n ≥ 2, letPh(n) denote the hth power mean of distinct prime divisors of n, i.e.,
Ph(n) =
 1
ω(n)
−
p|n
p prime
ph

1/h
,
where ω(n) denotes the number of distinct prime divisors of n. ClearlyPh(n) is prime andPh(n) | n if n is a prime power.
Let
Ah = {n : ω(n) > 1, Ph(n) is prime, Ph(n) | n}.
Let Ah(x) denote the set of positive integers n ≤ x with n ∈ Ah, i.e., Ah(x) = Ah ∩ [1, x], and let |Ah(x)| be its counting
function.
In [1], Luca and Pappalardi proved that
x
exp((2+ o(1))√log x log log x) ≤ |A1(x)| ≤
x
exp((1/
√
2+ o(1))√log x log log x) (1)
holds as x →∞. In this short note, we shall generalize Luca and Pappalardi’s result for general h.
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Theorem. For any positive integer h and sufficiently large (depending on h) x,
x
exp(2
√
h
√
log x log log x)
≤ |Ah(x)| ≤ x
exp((1/
√
2)
√
log x log log x)
. (2)
Note that when h = 1, our result removes the o(1) terms in (1).
Let us begin the proof of the theorem. First, we need the following lemma, which can be proved via standard techniques
for the Waring–Goldbach problems (cf. [2, Chapters 7 and 9] and [3, Theorems 3 and 4]).
Lemma 1. Suppose that l ≥ 2h + 2. Then there exist constants C1, c1 > 0 and a positive even Q depending on h and l such that
for every sufficiently large N ≡ l(mod Q ),
|{(q1, . . . , ql) : N = qh1 + · · · + qhl , c1N1/h < q1 < · · · < ql, q1, . . . , ql prime}| ≥
C1N l/h−1
(logN)l
.
The next lemma is the key to avoid the o(1) term in the lower bound of |Ah(x)|.
Lemma 2. Suppose that h and Q are positive integers. Then for any k ≥ Q + 1,
|{(a1, . . . , ak) : ah1 + · · · + ahk ≡ k(mod Q ), 1 ≤ ai ≤ Q , (ai,Q ) = 1}| ≥ φ(Q )k−Q−1,
where φ is the Euler totient function.
Proof. Suppose that Q = n1n2 where (n1, n2) = 1. Then clearly, in view of the Chinese remainder theorem,
|{(a1, . . . , ak) : ah1 + · · · + ahk ≡ k(mod Q ), 1 ≤ ai ≤ Q , (ai,Q ) = 1}|
= |{(b1, . . . , bk) : bh1 + · · · + bhk ≡ k(mod n1), 1 ≤ bi ≤ n1, (bi, n1) = 1}|
× |{(c1, . . . , ck) : ch1 + · · · + chk ≡ k(mod n2), 1 ≤ ci ≤ n2, (ci, n2) = 1}|.
Furthermore, we have
φ(n1)k−n1−1 · φ(n2)k−n2−1 ≥ φ(n1n2)k−max{n1,n2}−1 ≥ φ(Q )k−Q−1.
Thus we only need to show that the lemma holds when Q is a prime power. Assume that Q = pα where p is prime. Let
β = max{b : ah ≡ 1(mod pb) for every 1 ≤ a ≤ pα with p - a}.
There is nothing to do if β ≥ α, since now ah ≡ 1(mod pα) for every a with p - a. Suppose that β < α. We claim that for
every l ≡ 1(mod pβ),
|{(a1, . . . , apα+1) : ah1 + · · · + ahpα+1 ≡ l(mod pα), 1 ≤ ai ≤ pα, p - ai}| ≥ 1.
Thus the lemma easily follows from an induction on k. In fact, by the definition of β , there exists 1 ≤ a ≤ pα such that p - a
and (ah − 1)/pβ ≢ 0(mod p). Let 1 ≤ u ≤ pα be an integer such that
u(ah − 1)/pβ ≡ (l− 1)/pβ(mod pα−β).
Setting a1 = a2 = · · · = au = a and au+1 = · · · = apα+1 = 1, we have
ah1 + · · · + ahpα+1 = uah + pα + 1− u ≡ u(ah − 1)+ 1 ≡ l(mod pα). 
Proof of the lower bound of |Ah(x)|. Assume that x is sufficiently large and let
k = ⌊h log x/ log log x⌋,
and y = ⌊(2kx)1/(k+l+1)⌋, where l = 4h and ⌊θ⌋ = max{z ∈ Z : z ≤ θ}. Clearly,
log y ≈ (k log 2+ log x)/(k+ l+ 1) ≈ 1√
h

log x log log x.
Let Q = Q (h, l) be the one appearing in Lemma 1. Arbitrarily choose some prime numbers p0, p1, . . . , pk satisfying that
p0 ≡ 1(mod Q ), ph1 + · · · + phk ≡ k(mod Q ) and
p0 ∈ (y, 2y], pj ∈ ((j− 1)y/k, jy/k], for 1 ≤ j ≤ k.
Obviously all the above primes are distinct.
Let
N = (k+ l)ph0 − (ph1 + · · · + phk).
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Clearly N ≡ l(mod Q ) and
N ≥ (k+ l)yh − (1h + · · · + kh)yh/kh > kyh/2.
ThereforeN ∈ (kyh/2, k2h+1yh] provided that x is sufficiently large. In viewof Lemma1, there exist at least C1N l/h−1/(logN)l
terms (q1, . . . , ql) such that q1, . . . , ql are primes, c1N1/h < q1 < · · · < ql and N = qh1 + · · · + qhl . Noting that
c1N1/h > c1(k/2)1/hy > 4y, the primes q1, . . . , ql are different from p0, p1, . . . , pk.
We claim that the integer
n = p0 · p1 · · · pk · q1 · · · ql
lies inAh(x). In fact, ω(n) = k+ l+ 1 and
ph0 + ph1 + · · · + phk + qh1 + · · · + qhl
k+ l+ 1 = p
h
0.
Hence,Ph(n) = p0. From Stirling’s approximation, we know that
n ≤ 2y · k!y
k
kk
· N l/h ≤ 2
l+1+l/hkl/hk!
kk
yk+l+1 ≤ y
k+l+1
2k
≤ x
whenever x is sufficiently large.
Below we shall count these n. Clearly the number of choices for p0 is π(2y;Q , 1)− π(y;Q , 1), where
π(z; q, a) = |{p ≤ z : p is prime, p ≡ a(mod q)}|.
By Lemma 2,
|{(a1, . . . , ak) : ah1 + · · · + ahk ≡ k(mod Q ), 1 ≤ ai ≤ Q , (ai,Q ) = 1}| ≥ φ(Q )k−Q−1.
Furthermore, for every 1 ≤ a1, . . . , ak ≤ Q with ah1 + · · · + ahk ≡ k(mod Q ) and (ai,Q ) = 1, the number of choices for
p1, . . . , pk with pi ≡ ai(mod Q ) are
k∏
j=1
(π(jy/k;Q , aj)− π((j− 1)y/k;Q , aj)).
By the Siegel–Walfisz theorem, when x is sufficiently large,
π(jy/k;Q , aj)− π((j− 1)y/k;Q , aj) ≥ (y/k)1.5φ(Q ) log y .
Thus, the number of possible n’s is at least
C1N l/h−1
(logN)l
· (π(2y;Q , 1)− π(y;Q , 1)) ·
−
ah1+···+ahk≡k(mod Q )
1≤a1,...,ak≤Q , (ai,Q )=1
k∏
j=1
(π(jy/k;Q , aj)− π((j− 1)y/k);Q , aj)
≫ C1(ky
h/2)l/h−1
(log(kyh/2))l
· y
φ(Q ) log(2y)
· φ(Q )k−Q−1 ·

y
1.5φ(Q )k log y
k
≥ C2y
k+l−h+1
1.51kkk(log y)k+l+1
>
C21.2kx
kkyh(log y)k+l+1
,
where C2 > 1 is a constant only depending on h. Now
log(1.2−kkkyh(log y)k+l+1) = h log y+ k(log k+ log log y)− k log 1.2+ (l+ 1) log log y
≤ h(log x+ k log 2)
k+ l+ 1 + k

log k+ log

1.01 log x
k+ l+ 1

− k log 1.2+ (l+ 1) log log y
≤ h log x
k
+ k log log x− k log 1.11+ (l+ 1) log log y+ h log 2
≤ 2h log x log log x− (log 1.11)log x/ log log x+ (l+ 1) log log x+ O(h).
Hence,
|Ah(x)| ≫ x
exp(2
√
h
√
log x log log x− log 1.1√log x/ log log x) . 
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Proof of the upper bound of |Ah(x)|. Let
y =

exp
√
log x log log x√
2
+ 2 log log log x

.
Let
B1(x) = { n | n ≤ x, P(n) < y},
B2(x) = { n | n ≤ x, n ∉ B1(x), P(n)2 | n},
B3(x) = Ah(x) \ (B1(x) ∪B2(x)),
where P(n) denotes the largest prime factor of n.
We know (cf. [4]) that
|B1(x)| = xexp(u(log u+ log log u+ O(1))) ,
where u = log x/ log y. It is clear that
|B2(x)| ≤
−
p prime
p≥y

x
p2

≤ x
−
n≥y
1
n2
≪ x
y
.
If n ∈ B3(x), then write n = P(n)mwhere P(n) - m. ClearlyPh(n) | m sincePh(n) < P(n). Thus,
(ω(m)+ 1)Ph(n)h = P(n)h +
−
q|m
q prime
qh.
That is, P(n) is uniquely determined byPh(n) andm. Furthermore, noting thatPh(n) is a prime divisor ofm andm ≤ x/y,
we have
|B3(x)| ≤
−
m≤x/y
ω(m)≪ x log log x
y
.
Therefore,
|Ah(x)| ≤ |B1(x)| + |B2(x)| + |B3(x)| ≪ x log log xy +
x
exp(u(log u+ log log u+ O(1))) .
Observe that
u log u ≥ log x(log log x− log(
√
log x log log x/
√
2+ 2 log log log x))
log y
≥ log x(log log x− log log log x+ O(1))
2 log y
,
u log log u = log x(log(log log x− log log y))
log y
≥ log x(log((log log x− log log log x)/2+ O(1)))
log y
≥ log x(log log log x+ O(1))
log y
,
and
log x log log x
log y
≥ log x log log x√
log x log log x/
√
2+ 2 log log log x =

2 log x log log x+ O(1).
Thus, we get that
|Ah(x)| ≪ x
exp(
√
log x log log x/
√
2+ log log log x) . 
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